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Abstract
A gravitational potential in the relativistic case is introduced as an alternative to Wald’s potential
used by Verlinde, which reproduces the familiar entropy/area relation S = A/4 (in the natural
units) when Verlinde’s idea is applied to the black hole case. Upon using the equipartition rule,
the correct form of the Komar mass (energy) can also be obtained, which leads to the Einstein
equations. It is explicitly shown that our entropy formula agrees with Verlinde’s entropy variation
formula in spherical cases. The stationary space-times, especially the Kerr-Newman black hole,
are then discussed, where it is shown that the equipartition rule involves the reduced mass, instead
of the ADM mass, on the horizon of the black hole.
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I. INTRODUCTION
The discovery of black hole entropy and thermodynamics [1] reveals a rather general and
profound relation between gravity and thermodynamics. Later, based on the area law of
entropy for all local acceleration horizons, the Einstein equations were derived from the first
law of thermodynamics [2]. Recently, Padmanabhan reinterpreted the relation E = 2TS [3]
between the Komar energy, temperature and entropy as the equipartition rule of energy [4],
and Verlinde derived the Einstein equations [5] from the equipartition rule of energy and
the holographic principle [6]. Some related works can be seen in [7–24].
A well-accepted fact is the entropy of black hole horizon satisfies S = A/4, i.e. the
Bekenstein-Hawking entropy. It is interesting to ask whether Verlinde’s idea will match this
well-known fact. If the answer is positive, it will strongly support Verlinde’s idea. However,
in Verlinde’s proposal and following works, only the change of entropy are concentrated on,
while the entropy itself is not clearly discussed. In this paper, we try to consider this problem.
Based on the linear superposition of the gravitational potential in the nonrelativistic case, we
find that the entropy associated to the nonrelativistic (Laplace) horizon naturally satisfies
the familiar entropy/area relation S = A/4. Then we generalize the nonrelativistic entropy
formula to the relativistic case, but it is shown that we must use a new potential, instead
of Wald’s potential used by Verlinde, in order to obtain the correct entropy/area relation
S = A/4 on the black hole horizon. Because the potential plays a critical role in Verlinde’s
derivation in the relativistic case, we need to check whether Verlinde’s proposal works for
our new potential. First, we show that this new potential can lead to the correct form of the
Komar mass (energy) and so the Einstein equations, as well, upon using the equipartition
rule. Furthermore, We also verify our relativistic entropy formula by showing that it matches
Verlinde’s formula for the change of entropy in two spherical cases. That evidence means
that our potential and entropy formula maybe correct.
In the stationary case, it is obvious that there is ambiguity on the choice of the Killing
vector, which gives no contribution in the static case. This ambiguity can be largely avoided.
To be explicit, we take the Kerr-Newman black hole as a rather general example, where we
introduce a canonical choice of the Killing vector and show that the equipartition rule
involves the reduced mass, instead of the ADM mass, on the horizon of the black hole.
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II. NONRELATIVISTIC ENTROPY
According to Verlinde’s discussion [5], if the change of gravitational potential on the
holographic screen S induced by the movement of a particle (with mass m) outside the
screen1 is δΦ, then the corresponding change of entropy density δs is determined by2
δsdA = −kB δΦ
2c2
dN, (1)
where dN is the number of degrees of freedom (bits) on the infinitesimal area element dA,
given by
dN =
c3
G~
dA. (2)
So we have
δS =
∫
S
δsdA = −
∫
S
kBc
2G~
δΦdA. (3)
It is easy to check that, given the Poisson equation satisfied by the gravitational potential,
a normal shift δx of the particle approaching the screen will induce the correct change of
entropy
δS = −2πkBmc
~
δx, (4)
if the screen is an equipotential surface.
Since the nonrelativistic gravitational potential satisfies linear superposition, it is reason-
able to choose the entropy associated to the screen as
S = −
∫
S
kBc
2G~
ΦdA, (5)
where we have omitted a possible integration constant. If we take a point source M with
the potential Φ = −GM/r, then we have
S =
∫
S
kBc
2~
M
r
dA =
2πkBc
~
Mr. (6)
On the Laplace horizon Φ = c2/2,3 the entropy becomes
S =
kBc
3
4G~
A, (7)
which is just the familiar entropy/area relation for the (relativistic) black hole horizon, but
now in the nonrelativistic context.
1 By this term we mean that the particle is in the already emerged space.
2 The area element dA is missing in eq.(4.22) of Verlinde’s original article [5].
3 The nonrelativistic horizon was taken at Φ = 2c2 in Figure 4 of Verlinde’s original article [5].
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III. RELATIVISTIC ENTROPY
In the relativistic case, the explicit form of the change of entropy density has not been
discussed in [5]. A natural choice is to directly generalize eq.(1) to the relativistic case, i.e.
δsdA = −kB δΦ
2c2
dN, (8)
so eq.(5) becomes
S = −
∫
S
kBc
2G~
ΦdA, (9)
where Φ is the relativistic counterpart of the nonrelativistic potential Φ. However, if we let
Φ =
c2
2
ln(−ξ2) (10)
as proposed by Verlinde, where ξa is a time-like Killing vector, it is easy to see that the
above entropy is divergent when the screen approaches the black hole horizon.
The above problem can be avoided by choosing an alternative relativistic potential
Φ = −c
2
2
(1 + ξ2), (11)
where ξa is also the time-like Killing vector normalized at spacial infinity, i.e. ξ2 = −1 at
spacial infinity. This potential has the same asymptotic behavior as Verlinde’s potential (10)
when the screen goes towards the spacial infinity (near the spacial infinity, the behavior of
the norm square of ξa is ξ2 → −1 + 2M
r
+ o(r−1) [25]), but correctly gives
S =
kBc
3
4G~
A (12)
when the screen approaches the black hole horizon ξ2 → 0.
In Verlinde’s proposal, the gravitational potential plays a central role. Using his gravita-
tional potential and the equipartition rule on the screen, Verlinde finds that the quasi-local
energy contained in the screen is just the Komar energy. This agrees with the standard
result of general relativity. Based on this result, he also gets the Einstein equation. In order
to check whether our potential is correct, we must show that our potential (11) can also
give the correct quasi-local energy (Komar mass) inside the screen via the equipartition rule.
4
First, the temperature
kBT =
~
2πc
Na∇aΦ
= −~c
2π
Naξb∇aξb
=
~c
2π
Naξb∇bξa
=
~c
2π
(−ξ2)Na ξ
b
|ξ|2∇bξa
=
~c
2π
(−ξ2)Na ξ
b
|ξ|∇b
ξa
|ξ| −
~
2πc
(−ξ2)(N · ξ) ξ
b
|ξ|∇b
1
|ξ|
=
~c
2π
(−ξ2)Na ξ
b
|ξ|∇b
ξa
|ξ| −
~
2πc
(−ξ2)(N · ξ) ξ
b
|ξ|
1
2|ξ|3∇b(−ξaξ
a)
=
~c
2π
(−ξ2)Na ξ
b
|ξ|∇b
ξa
|ξ| −
~
2πc
(ξ2)(N · ξ)ξ
bξa
|ξ|4 ∇bξa
=
~c
2π
(−ξ2)Na ξ
b
|ξ|∇b
ξa
|ξ| −
~
2πc
(ξ2)(N · ξ)ξ
bξa
|ξ|4 ∇[bξa]
=
~
2πc
(−ξ2)N bab (13)
is defined following Verlinde’s proposal (but using our potential), where N b is an outward
unit vector normal to the screen, and
ab = c2ua∇aub = c2 ξ
a
|ξ|∇a
ξb
|ξ| (14)
the proper acceleration. We interpret this temperature as measured with respect to the
reference point at spacial infinity, since the potential Φ is defined with respect to that
reference point. But when employing the equipartition rule at the screen, we must use the
local temperature TS just measured there, which is determined by the well-know Tolman
relation
T =
√
−ξ2TS . (15)
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Then, the (generalized) equipartition rule reads
E =
1
2
∫
S
kBTSdN
=
~
4πc
∫
S
√
−ξ2N babdN
=
c2
4πG
∫
S
√
−ξ2N babdA
=
c2
4πG
∫
S
2ǫNa
ξb
|ξ|∇bξa
=
c2
4πG
∫
S
2ǫNaub∇[bξa]
=
c2
8πG
∫
S
∗dξ =MKomar(S, ξ), (16)
so it is clear that the energy got from holographic principle is indeed the Komar energy
inside the screen. Then the strategy given by Verlinde, from the expression of the Komar
mass (energy) to the Einstein equations, can be similarly followed. So we have shown that
Verlinde’s proposal also works for our new potential.
In [5], the relativistic generalization of eq.(4) is taken to be
∇aS = −2πkBmc
~
Na. (17)
Now we want to check the above relation from our assumptions (9) and (11) in some simple
settings.
First, let us consider a Schwarzschild black hole surrounded by a spherical thin shell. The
mass of black hole is Mi, the (proper) mass of the thin shell is m, and the radius of the shell
is Rm. The mass m distributes uniformly on the shell. The screen S can be located between
the horizon of the black hole and the thin shell, with radius R, i.e. 2Mi < R < Rm. The shell
is formed by dusts. In fact, each particle of the shell is held by some extra force which keeps
the shell staying at its position stationarily. Such a configuration can be realized by the
following way: we splice a Schwarzschild solution with mass Mi into another Schwarzschild
solution with mass Mo, where ∆M = Mo − Mi can be determined later. The boundary
between these two solutions is at r = Rm, i.e. the thin shell.
Because of the Birkhoff’s theorem, we know that the metric should be in natural units
ds2 =

 −(1−
2Mo
r
)dt2 + (1− 2Mo
r
)−1dr2 + r2dΩ2, r > Rm;
−C(1− 2Mi
r
)dt2 + (1− 2Mi
r
)−1dr2 + r2dΩ2, Rm > r > R.
(18)
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Here C is some constant. Based on the standard requirements of constructing thin shell
solutions [26], the tangent components of the metric on the thin shell should be continuous,
so we obtain the metric besides the thin shell as
ds2 =

 −(1−
2Mo
r
)dt2 + (1− 2Mo
r
)−1dr2 + r2dΩ2, r > Rm;
−Rm−2Mo
Rm−2Mi
(1− 2Mi
r
)dt2 + (1− 2Mi
r
)−1dr2 + r2dΩ2, Rm > r > R.
(19)
Like an ordinary thermodynamic process, let the thin shell collapse towards the screen quasi-
statically. The radius of the shell is Rmo at the beginning of this process and is Rmi at the
end. Because the process is quasi-static, each middle state in the process can be described by
the metric (19) with different Rm, where Rmi < Rm < Rmo. If we consider an infinitesimal
quasi-static collapsing process (Rmo −Rmi ≪ Rmi), the change of the entropy at the screen
is
δS = −
∫
S
kB
2
δΦdA
= −
∫
S
kB
2
dΦ
dRm
δRmdA
= −kB
2
4πR2
∆M
(Rm − 2Mi)2 (1−
2Mi
R
)δRm. (20)
The energy-momentum tensor of the shell can be evaluated, by substituting the metric
(19) into the Einstein equations, as
Tab =
∆M
4πr2
δ(r − Rm)uaub. (21)
Comparing the above equation with the standard expression
Tab =
m
4πr2
√
grr
δ(r −Rm)uaub (22)
in terms of the mass m, we see that for ∆M ≪ Mi
∆M = (1− 2Mi
Rm
)1/2m. (23)
Thus, the change of entropy is
δS = −2πkB∆M R
2
R2m
(1− 2Mi
Rm
)−2(1− 2Mi
R
)δRm
= −2πkBmR
2
R2m
(1− 2Mi
Rm
)−1(1− 2Mi
R
)δl, (24)
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where l is the proper length in the normal direction of the shell. When the thin shell is very
close to the screen (Rm → R), we just obtain eq.(17).
Second, we consider another example, a charged thin shell surrounds a Schwarzschild
black hole. In this case, the gravity is balanced by the electric force. Such solution has been
studied very carefully [27]. Because of the Birkhoff’s theorem, the metric is
ds2 =

 −(1−
2Mo
r
+ q
2
r2
)dt2 + (1− 2Mo
r
+ q
2
r2
)−1dr2 + r2dΩ, r > Rm;
−C(1− 2Mi
r
)dt2 + (1− 2Mi
r
)−1dr2 + r2dΩ, R < r < Rm;
C =
1− 2Mo
Rm
+ q
2
R2m
1− 2Mi
Rm
. (25)
The parameters of the system satisfy [27]
m = Rm
(√
1− 2Mi
Rm
−
√
1− 2Mo
Rm
+
q2
R2m
)
. (26)
If this shell experiences an infinitesimal quasi-static process, the change of entropy on the
screen is
δS = −
∫
S
kB
2
δΦdA
= −
∫
S
kB
2
1
2
∂C
∂Rm
(1− 2Mi
r
)δRmdA
= −kB
2
4πR2
1
2
∂C
∂Rm
(1− 2Mi
R
)δRm
= −kB
2
4πR2
1
2
(1− 2Mi
R
)
(2Mo
R2
m
− 2q2
R3
m
)(1− 2Mi
Rm
)− (1− 2Mo
Rm
+ q
2
R2
m
)2Mi
R2
m
(1− 2Mi
Rm
)2
δRm
= −kB
2
4πR2
1
2
(1− 2Mi
R
)(1− 2Mi
Rm
)−2
2
R2m
(∆M − q
2
Rm
+
Mi
Rm
q2
Rm
)δRm
= −2πkB(1− 2Mi
R
)(1− 2Mi
Rm
)−2
R2
R2m
[
(∆M − q
2
2Rm
)− (1− 2Mi
Rm
)
q2
2Rm
]
δRm. (27)
In our case, the mass and charge of the shell is very small, so we have from eq.(26)
m =
1√
1− 2Mi
Rm
(∆M − q
2
2Rm
). (28)
Substituting the above result into eq.(27), the change of entropy on the screen is
δS = −2πkB R
2 − 2MiR
R2m − 2MiRm
(m−
√
1− 2Mi
Rm
q2
2Rm
)δl. (29)
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When the shell is very close to the screen (Rm → R), the change of entropy becomes
δS = −2πkB(m−
√
1− 2Mi
R
q2
2R
)δl. (30)
Comparing this result with eq.(17), the second part in the bracket can be regarded as the
contribution of the electric field of the shell, which is from the electric self-interaction.
IV. STATIONARY SPACE-TIMES AND BLACK HOLES
In [5], Verlinde only considers the static case, but in fact, similar considerations can
be applied to the stationary case, as can be seen from the previous section. As we have
emphasized, the potential plays a central role in Verlinde’s proposal, which depends on the
Killing vector. In fact, Verlinde’s derivation of the Komar integral is valid for any Killing
vector ξa. If there exist more than one Killing vector, there will be ambiguity on the choice
of the Killing vector ξa. In the static case, such ambiguity gives no contribution to the value
of the Komar integral because of the static condition. But in the stationary case, things
will be a little complex. The famous “No-Hair” conjecture [28] tells us that the general non-
extremal electric-vacuum stationary space-time should be the Kerr-Newman space-time. So
we focus on the Kerr-Newman black hole. Because there is an additional Killing vector ∂φ
besides ∂t, there is ambiguity in choosing the Killing vector ξ
a, which should be time-like at
least in a neighborhood of the screen.
Under the Boyer-Lindquist coordinates, the standard (1+3)-decomposed form of the Kerr-
Newman metric is
ds2 = −ρ
2∆
Q
dt2 +
ρ2
∆
dr2 + ρ2dθ2 +
Q
ρ2
sin2 θ(dφ− a2Mr − q
2
Q
dt)2, (31)
where ρ2 = r2 + a2 cos2 θ with a = J/M the angular momentum per unit (ADM) mass,
∆ = r2 + a2 − 2Mr + q2 with q the electric charge, and Q = (r2 + a2)2 −∆a2 sin2 θ. Up to
a constant overall factor, the most general form of the Killing vector ξ is ∂t + ω∂φ, with ω
some arbitrary “angular velocity”. The horizon is at ∆ = 0, i.e.
r± = M ±
√
M2 − a2 − q2. (32)
But we see that in this case, when concerning fixed (rS , θS) outside the outer horizon,
there is a natural choice of the Killing vector ξ as
ξ = ∂t + a
2MrS − q2
QS
∂φ, (33)
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which is automatically time-like at the given (rS , θS) and whose norm square is just the
square of the lapse function
f 2 =
ρ2∆
Q
. (34)
We call this ξ the canonical Killing vector with respect to (rS , θS). The corresponding
acceleration is
aµ = uν∇νuµ = f−2ξν∇νξµ
=
1
2
f−2gµν∂νf
2, (35)
so we have
ar =
1
2
f−2grr∂r
ρ2∆
Q
= f−2grr
(
r∆+ ρ2(r −M)
Q
− ρ
2∆[2r(r2 + a2)− (r −M)a2 sin2 θ]
Q2
)
, (36)
aθ =
1
2
f−2gθθ∂θ
ρ2∆
Q
= f−2gθθ
(−a2 sin θ cos θ∆
Q
− ρ
2∆(−∆a2 sin θ cos θ)
Q2
)
= −f−2gθθ∆a2 sin θ cos θ (2Mr − q
2)(r2 + a2)
Q2
, (37)
aφ = 0. (38)
In order to calculate the Komar energy (16), we must assign a screen S. The key point
here is that the Killing vector ξ is globally defined, so it must be the same everywhere on
the screen. Thus we see that a screen adapted to the canonical Killing vector (33) is which
satisfies
b =
2Mr − q2
Q
= const. (39)
When r ranges from r+ to ∞, b ranges from (r2+ + a2)−1 to 0. Then the Komar energy
(16) can be expressed as a function of b, but the explicit form is rather complicated and is
not necessary to present here, so we only discuss two important cases: the infinity and the
horizon. In both these cases, the screens are spherical (N b∂b ∼ ∂r) and the corresponding
expressions simplify drastically.
Infinity When S → S∞, the leading-order behavior of ar is ar ≈ M/r2, so eq.(16) gives
E =M , the ADM mass of the black hole, as expected.
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Horizon When S → SH , we have Q→ (r2+ + a2)2 and
√
−ξ2N bab → r+ −M
r2+ + a
2
, (40)
so eq.(16) gives E = M0 =
√
M2 − a2 − q2, the reduced mass of the black hole. Note
that when tending to the horizon, the canonical Killing vector (33) is the only possible
choice to be a time-like one. Thus we see clearly that when applying the equipartition
rule to the black hole horizon, it is the reduced mass M0 that takes the place of the
ADM mass M .
Finally, we mention briefly two special cases where there are simple, explicit forms of the
Komar energy for generic b.
• The a = 0 case, i.e. the Reissner-Nordstrom black hole. In this case, the canonical
Killing vector (33) just becomes ∂t and there is no restriction on the shape of the
screen, so the well-known result
E = M − q
2
r
(41)
is recovered for general spherical screens, which tends to the reduced mass M0 =√
M2 − q2 when r → r+ = M +M0.
• The q = 0 case, i.e. the Kerr black hole. Since the Komar energy (16) is linear in ξ,
we have from eq.(33)
E =M + abMφ, (42)
where M and Mφ are the Komar integrals corresponding to ∂t and ∂φ, respectively.
In fact, M and Mφ = −2aM are independent of the screen in this vacuum case, so we
obtain the (canonical) Komar energy
E = M − 2a2bM. (43)
It is then easy to check that E tends to the reduced mass M0 =
√
M2 − a2 when
b→ (r2+ + a2)−1.
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V. CONCLUDING REMARKS
In this paper, we introduce a new gravitational potential, instead of Wald’s potential used
by Verlinde, in the relativistic case to obtain the correct entropy/area relation S = A/4 on
the black hole horizon. Upon using the equipartition rule of energy, we also obtain the correct
form of the Komar mass (energy), which leads to the Einstein equations. We then discuss
the stationary space-times, especially the Kerr-Newman black hole, where it is shown that
a canonical choice of the Killing vector can be defined, and the equipartition rule involves
the reduced mass, instead of the ADM mass, on the horizon of the black hole.
In [5], Verlinde gives the formula of the change of screen entropy caused by movement
of a massive particle near the screen. In order to check our relativistic entropy formula,
we consider two simple examples and find that our entropy formula agrees with Verlinde’s
formula in both cases. However, the general case is much more difficult, due to the high
nonlinearity of the Einstein equations. How to prove that relation in the general case is still
an open problem.
The recovery of the correct entropy/area relation in the relativistic case is certainly helpful
to clarify some subtle points in this case in Verlinde’s discussion, and to further investigate
the microscopic, or statistical, meaning of the gravitational thermodynamics, which is left
for future works.
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